ABSTRACT
INTRODUCTION
The problem of processing linguistic and vague information in expert systems has been considered in diverse ways. It has been claimed that, in general, the uncertainty of input information and/or data forming a knowledge base cannot be neglected; nevertheless it is not obvious which tool should be applied. Some designers (e.g., Duda et al. [1] ) prefer probabilistic schemes, especially a Bayesian scheme of reasoning. On the other hand, some well-known studies on human ways of data processing and human interference procedures (Coombs et al. [2] ) lead to questions concerning the relevancy of the probabilistic approach proposed in expert systems. Therefore it is not surprising that one tries to follow some idea of subjective probability, upper and lower probabilities, the Dempster-Shafer theory of evidence, or some other mechanism that has been introduced to cope with the expert way of thinking in a "natural" manner (cf. certainty factors and their combination; Shortliffe [3] ).
Fuzzy sets, especially their possibilistic interpretation, were proposed to handle uncertain information (Zadeh [4] ). Despite many steps in this direction, in this paper we shall try to be as constructive as possible--to propose some mechanisms for expert systems and to provide methods potentially suitable for testing these mechanisms.
Unfortunately, which is astonishing nowadays using fuzzy set theory, there is an irritating trend to present generalized ideas without taking the care to validate them or even to show a reasonable method that enables others to check them. We study here expert systems based on production rules (Shortliffe [3] ; Davis et al. [5] ), which form an important class of application-oriented systems of knowledge engineering.
Our aim is to show how the mechanisms for combining pieces of evidence into the knowledge base and inferring are closely related.
The main background is the theory of fuzzy relation equations (Di Nola and coworkers [6, 7] , Gottwald and Pedrycz [8] , Miyakoshi and Shimbo [9] , Pedrycz [10, 11] ; Sanchez [12] ). Since many results exist in this field, we refer the reader to the existing literature.
PRODUCTION RULES
Usually, by the production rules of an expert system we mean the triple 
where A i --~ B i denotes the ith production rule, i = 1, 2,..., n, A i being an antecedent formed by ANDing some subparts (subconditions),
with Z il , A i2 ..... Aim specified as fuzzy sets,
the ~¢j, j = 1, 2 ..... m, being suitable finite referential sets. In (1), B i stands for the consequence, and ~ and J express symbolically combining and inference procedures, respectively. Both A i and B i contain some fuzzy concepts, and therefore it is natural to represent them by fuzzy sets. In the discussion that follows, we consider A i given by (2) and equal to the fuzzy relation Bearing in mind that production rules are joint by the OR connective, the fuzzy relation R is treated as a union of partial results. More precisely,
where V is the maximum operator of The essence of the testing stage of the combination and inference mechanisms introduced earlier can be concisely summarized as follows. Take the antecedent as equal to A i, i = 1, 2 ..... n, and check whether the resulting consequence B is equal to B i. The closer B is to Bi, the better the combination and inference mechanisms are suited to the knowledge considered.
In case the combination of the pieces of evidence is realized by (5) and the inference is performed according to (6) , the following remark is of practical interest (Gottwald and Pedrycz [15] PROPOSITION 3 If the knowledge base is constructed according to (8) and the inference mechanism is implemented by (6) 
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FURTHER FORMS OF FUZZY RELATION EQUATIONS
Two forms of fuzzy relation equations can also be studied. The first one, studied by Miyakoshi and Shimbo [9] , takes the form which is read as Under a different approach, this result was also given by Di Nola et al. [7] , where they established the following result. We now show the following result. 
SOLVABILITY OF A SYSTEM OF FUZZY EQUATIONS
One of the crucial points that cannot be neglected is closely related to the problem of existence of solutions. Anyway, the assumption (7) either (11) or (13) is quite strong and difficult to satisfy. This fact was underscored at a quite early stage of development of fuzzy relation equations; see, for instance, Pedrycz [10] . Further studies led to an interesting interpretation of the results in terms of ~-fuzzy sets (interval fuzzy sets) (Gottwald and Pedrycz [8] ; Sambuc [16] ).
We now suppose that the set of production rules are written as
where R is a fuzzy relation combining all of them. The following result holds. In practical cases, not all those Ai, Bi, i = 1,2,..., n, satisfy the Equation (14), for several reasons (Gottwald and Pedrycz [171) . Then one can modify the data A i, Bi, imposing some threshold level, as is proved by Gottwald and Pedrycz [17] .
CONCLUDING REMARKS
Selected topics in rule-based expert systems have been studied in a plausible setting of various types of fuzzy relation equations. The properties of the resulting inference engines are a consequence of the imposed structure of the type of equation.
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The results of this paper are of a preliminary character. Further investigations are necessary and will be reported in future works.
